For two spatially anisotropic, SU(2)-invariant models of frustrated magnets in arbitrary space dimension we present a non-perturbative proof of the existence of neutral spin-1/2 excitations (spinons). In one model the frustration is static and based on fine tuning of the coupling constants, whereas in the other it is dynamic and does not require adjusting of the model parameters. For both models we derive a low-energy effective action, which does not contain any constraints. Though our models admit the standard gauge theory treatment, we follow an alternative approach based on Abelian and non-Abelian bosonization. We prove the existence of propagating spin-1/2 excitations (spinons) and consider in detail certain exactly solvable limits. A qualitative discussion of the most general case is presented.
I. INTRODUCTION
Excitations with fractional quantum numbers in general and neutral excitations with spin-1/2 in particular constitute an essential ingredient of many theoretical approaches aimed to explain the non-Fermi liquid behavior of quasi-two-dimensional copper oxide materials. These approaches try to generalize for higher dimensions such mechanisms as spincharge separation and quantum number fractionalization, the phenomena well understood and adequately described for one-dimensional systems (see recent review articles [1] , [2] , [3] and references therein).
As a part of the general program to construct a theory of copper oxides, there have been many attempts to find neutral spin-1/2 excitations (spinons) in purely magnetic systems, that is to find higher-dimensional analogues of 1D spin S=1/2 Heisenberg antiferromagnet. Such generalization was qualitatively outlined by Anderson [4] in the form of the famous Resonant Valence Bond (RVB) state. This is a spin-liquid state which breaks neither translational nor spin rotational symmetry. Building on this proposal, Kivelson, Rokhsar and Sethna showed [5] that such state, if exists, must support neutral spin-1/2 excitations.
Despite more than a decade of strong efforts, no realization of the RVB state supporting excitations with fractional spin in D > 1 Heisenberg magnets with short-range exchange interactions has been found. We emphasize that our discussion concerns only models with interactions of the Heisenberg type. Thus we exclude from the consideration models of quantum dimers, where such excitations have been shown to exist [6] , and other recently suggested models with fractionalized excitations, which are not microscopic electronic models (see, for example [7] , [8] ), as well as generalizations for symmetries higher than SU (2) . We also do not consider magnets with incommensurate ordering (such as a spiral one) which also support spin-1/2 excitations [9] , [10] . Strong qualitative arguments against the RVB scenario have been presented by Read and Sachdev [11] , who argued that the most likely mechanism for disordering an antiferromagnetic state is the spin-Peierls one. Here, although spin rotational symmetry is preserved, translational symmetry is broken since the spin system undergoes an explicit dimerization. That makes the existence of deconfined spinons impossible.
An interesting by-product of the RVB scenario is Strong Coupling Compact Quantum Electrodynamics (cQED) field theory. This gauge theory describes the so-called π-flux RVB state in the continuum limit [12] (see also [13] , [14] ), under the assumption that the system does not develop any spin-Peierls ordering. The gauge theory has infinite bare coupling and therefore is difficult to study. All existing analysis is based on the results obtained for the SU(N) or Sp(2N) generalizations of this theory using the 1/N-expansion, as in [11] , [12] , [15] , [16] .
In this paper we describe two D-dimensional (D > 1) models which exhibit neutral spin-1/2 excitations (spinons) and apparently represent realizations of the π-flux RVB state. The paper is organized as follows. In Section 2 we discuss the models. They are spatially anisotropic and can be viewed as collections of weakly coupled chains. In Section 3 we adopt a non-perturbative approach, based on bosonization, and derive some general results such as the existence of spin-1/2 excitations in the limit of infinite number of chains. In Section 4 we study two exactly solvable cases: two and four chains with periodic boundary conditions. A cluster expansion for an infinite number of chains is constructed in Section 5. To build up this expansion, we need to make the interchain interactions non-uniform; therefore results of this section have qualitative character. In Section 6 we discuss finite-size effects for systems of finite number of chains. In Section 7 we use the acquired knowledge to conjecture the properties of correlation functions in the thermodynamic limit. Our conclusions are given in Section 8.
II. THE MODELS
As in the original suggestion by Anderson [4] , the element most essential for our construction is frustration. Another ingredient of our approach is strong spatial anisotropy: so far we have only been able to deal with models where the exchange interaction in one direction is greater than in the others. Thus it is proper to describe our models as assemblies of coupled chains. Our results also suggest an alternative approach to Strong Coupling cQED. We will not elaborate on this analogy, though, postponing this interesting question for future studies.
The first model is a spin-1/2 Heisenberg magnet on an anisotropic lattice with a particular pattern of exchange interaction. We shall call it the 'Confederate Flag' (CF) model. Its twodimensional version is depicted on Fig. 1a ; one can easily generalize this construction to three dimensions.
Since the interchain coupling is much smaller than the exchange along the chains, one can use a continuum description of individual chains. In this description, the local spin densities are represented as sums of the smooth and staggered parts:
where a 0 is the lattice spacing in the chain direction. The low-energy dynamics of the spin-1/2 Heisenberg chain is described by the SU 1 (2) Wess-Zumino-Novikov-Witten model whose Hamiltonian can be written in terms of the so-called chiral vector current operators, J and J, satisfying the level k = 1 Kac-Moody algebra (this approach has been described in a vast number of publications; see for a review [17] or [18] ):
where v = πJ a 0 is the spin velocity. It is remarkable that the smooth part of magnetization is local in terms of the currents: M = J +J, and the spin current, j = v(J −J), are local in terms of the currents. In the CF model, the exchange is frustrated in the direction perpendicular to the chains and can be fine tuned to make its Fourier transform vanish at q = π. Indeed, choosing J red = 2J green one eliminates the direct interchain coupling between staggered magnetizations, N n (x) · N n+1 (x). The absence of this, strongly relevant perturbation is the most important property of our model. The triangular lattice is excluded from the consideration. It was demonstrated in [19] that the coupling of the staggered parts of magnetization cannot be removed completely in that case: parity-breaking ("twist") terms surviving the continuum limit make the analysis very complicated. Apart from the collective spin excitations, the second model also involves charge degrees of freedom. It is a quasi-one-dimensional Kondo-Heisenberg model (see been already discussed in the context of theory of stripes [20] , [21] . It is assumed that neighboring chains have different band filling such that metallic chains are surrounded by insulating spin-1/2 magnetic chains. Here the frustration is dynamical: back-scattering between the electrons living on neighboring chains is absent due to incommensurability of the Fermi wave vectors: 2k F = π. It is easy to demonstrate (see, for instance [20] ) that the charge excitations in this model decouple and remain one-dimensional (this is true at least in the first approximation when one discards various virtual processes). On the other hand, the spin sector is described by the same effective Hamiltonian as in the CF model:
Here γ is determined by the lattice Hamiltonian; in the CF model with interactions depicted on Fig. 1 we have γ = (J red +2J green )a 0 . For the Kondo-Heisenberg model depicted on Fig.1b Eq.
(2) is modified in such a way that even and odd chains have different velocities. This detail, however, does not lead to any qualitative changes. Model (2, 3) can be recast as a gauge theory, though it is not the way we will treat it. We discuss this analogy just to show how close the model (2, 3) is to the gauge theories extensively studied in the theory of strongly correlated systems. This relationship can be inferred from the fact that the level k = 1 SU(2) Kac-Moody currents can be identified with (iso)spin currents of massless Dirac fermions:
σ a being Pauli matrices. The Hamiltonian (2,3) becomes
As gauge theories of the RVB state, this theory possesses redundant charge degrees of freedom which do not participate in the interactions. Since every approximation violates this subtle property, dealing with the charge sector would become the same awkward problem as it is in the standard approach to the RVB gauge theory, once one decides to adopt this fermionic representation. Let us, however, follow the well-trodden path for a while just to make sure that the model we are discussing does fall in the category of RVB liquids. To this end, we use the identity
where P 12 is the permutation operator, and apply the Hubbard-Stratonovich transformation to rewrite the interaction term in Eq.(5) as
where the dots stand for the terms we deem irrelevant. This procedure essentially coincides with the conventional decoupling scheme in the RVB approach. The fact that such decoupling here is done only in one lattice direction is not important provided one can justify that fluctuations of |∆| may be neglected. As we shall see, excitations associated with breaking of singlets carry the largest spectral gap. This justifies the assumption about small fluctuations of |∆|. Once the amplitude
is frozen, one is left with the compact U(1) lattice gauge theory in the strong coupling limit 1 . The vector potential A y is represented by the phase of ∆ n,n+µ . Since by omitting the term with R + α R α L + α L α we violate the decoupling of the charge degrees of freedom, we have to enforce the constraint on the absence of charge fluctuations by introducing the time component A 0 of the gauge field. In the mean field approximation (that is when fluctuations of the gauge fields are neglected) we obtain the spectrum of the π-flux state [12] :
which has two Dirac-like conical singularities in the Brillouin zone.
III. INFINITE NUMBER OF CHAINS
As we have already mentioned, we will not follow the gauge field theory approach here. Instead we shall return to Eqs.(2, 3) and use the Abelian bosonization which proves particularly useful in revealing the topological nature of elementary excitations and determining their quantum numbers.
Introducing holomorphic (left) and antiholomorphic (right) scalar fields, ϕ andφ, one can faithfully represent the chiral SU 1 (2) currents as follows:
1 Indeed, the gauge field has no bare F 2 µν -term which corresponds to infinite bare charge.
, α is the ultraviolet cut-off of the bosonic theory, and the fields ϕ andφ are governed by the chiral Gaussian actions [22] , [23] (the latter work used this form of bosonization in the context of the theory of edge states in Quantum Hall Effect). The bosonized low-energy effective action can then be suitably represented as
This is the form of the action in which the requirement of vanishing charge current (J µ c = 0) imposed in the gauge field RVB approach is explicitly resolved.
According to the definitions (9), (10), the total spin projection S z is equal to
The multi-chain effective action (11) features a local Z 2 symmetry already mentioned for the 2-chain problem [24] : as opposed to the original lattice model, the continuum theory is invariant under independent translations by a 0 along the chains, generated by the shifts
or ϕ n → ϕ n ,φ n →φ n ± π 2 .
We will see below that this symmetry is spontaneously broken in the ground state and leads to dimerization, which eventually gives rise to deconfined topological excitations with spin 1/2 2 In the first loops the renormalization group equations for the model of infinite number of chains coincide with the equations for two chains. At γ > 0 the interaction of currents with different chirality in (13) is marginally relevant thus dynamically generating a mass gap. At the same time, the perturbation L int , which is responsible for the velocity renormalization, is irrelevant and flows only in the presence of the other interaction. Therefore it is likely that this interaction remains weak even when the relevant one reaches the strong coupling. For this reason, in the situation when the bare constant γ ≪ 1, we deem it possible to neglect L int . This results in an approximate Lorentz invariance in (1+1)-dimensional spacetime which plays an important role in the analysis that follows. Without L int , the action splits into two independent, chirally asymmetric sectors, S = S + + S − . The two sectors are mapped onto each other under the reversal of the chiralities, ϕ n ↔φ n or a shift by one lattice spacing in the transverse direction. Hence the total symmetry becomes [SU(2)] + ⊗[SU(2)] − and the excitations in this model carry two quantum numbers: spin and parity.
The development of strong-coupling regime in the low-energy limit implies that the combinations of fields ϕ 2n +φ 2n+µ get frozen at the values π/8 mod π/2. These determine stable minima of the potential. Therefore, there exist massive topological excitations interpolating between different vacua. Excitations with minimal possible spin correspond to configurations where
According to definition (15) , this yields the spin 1/2.
We emphasise that this statement is based on the exact symmetries of multi-chain Hamiltonian (11) and does not depend on the adopted approximations. Within the approximation which neglects L int there are solitons and antisolitons with a well defined (+) and (-) parity.
A. A failure of the 'most obvious' solution
The following calculation suggests that freezing of the fields does not imply that one can expand around the vacuum configurations. The naive approach would suggest a selfconsistent harmonic approximation (SCHA); that is the cosine term can be expanded around the minimum:
where δ denotes a deviation from the vacuum value. SCHA suggests that the transverse stiffness ρ should be determined self-consistently:
We shall demonstrate however that such procedure yields zero ρ. The effective action for fluctuations around the minima is
where p = (ω, q, k) and α = δϕ, β = δφ. Self-consistency condition (19) becomes
Since the latter integral diverges, the suggested naive solution is not self-consistent. The failure of such solution comes from the chiral form of the Gaussian part of action (12) . The latter one includes time only through the first power of time gradient. For the conventional (non-chiral) Gaussian model the solution discussed above would be self-consistent. One immediate consequence of it would be the appearance of an average staggered magnetization.
B. Order parameters
The fact that the combinations of the fields ϕ 2n +φ 2n+µ andφ 2n + ϕ 2n+µ get locked at π 8 + π 2 n, (n ∈ Z) implies that the ground state of the system is characterized by a spontaneously broken Z 2 symmetry (16, 17) . The corresponding order parameters (OP) in the two sectors of the model (11) , suggested by the interaction, are the following ones:
These OPs are real 3 , are defined on links of the lattice and are non-local in terms of original spins. Moreover, since the OPs include chiral fields, they are experessed (nonlocally!) in terms of magnetization density and spin currents. The non-locality of the order parameter is tantamount to the existence of topological order. The first examples of topological order parameters are given by the disorder field of 2D Ising model [25] and the dual field exponentials in 2D XY model [26] , [27] . These fields acquire non-zero expectation values in disordered phases of the corresponding models. According to [28] , [29] , [30] , [31] , [18] , such order parameters (also called 'string' order parameters) exist in various massive phases of 1D spin liquids. The idea that topological order exists in RVB states belongs to Wiegmann [32] , [33] . Recently it has been further developed by Wen [34] . This work however reduces the concept of topological order to models with the Chern-Simons term. This excludes the above examples from the class of topologically ordered states [8] , [34] , which, for our opinion is unjustified. As we shall see, the Ising model fields are intimately related to the RVB liquid state considered in this paper. The order parameters change sign on soliton configurations and therefore vanish at finite temperatures when the densities of solitons and antisolitons are finite and equal. This mechanism is a sufficient though not necessary one to destroy the order parameter at finite T . The sign changes may originate also from fluctuations in non-magnetic channels. Later we will discuss an exactly solvable example of four coupled chains which realizes the latter scenario. The temperature dependence of the correlation length depends on what mechanism is realized. If the order parameter is destroyed only by (anti)solitons, the correlation length is exponentially large in 1/T . This is because the (anti)solitons possess a finite spectral gap and therefore their density is exponentially small n ∼ exp(−∆/T ). Hence the correlation length of the soliton density is ξ ∼ n −1/D (D is the space dimensionality).
As we shall see, the singlet excitations have either a very small gap or even no gap at all (we do not know whether the latter is true). Then the order parameter is governed by another correlation length quite distinct from the above. The density of non-magnetic excitations above their gap depends on T as a power law. Such situation would correspond to a quantum critical point with a power law correlation length.
Turning to physical fields we note that the products of the staggered magnetizations on the neighboring chains (the dimerization order parameters) are expressed as by-linear combinations of the true order parameters:
implying that the SU(2) symmetry remains unbroken in the ground state. Now let us consider the magnetic correlation functions. The order parameter field of 1D spin-1/2 chain is not just a staggered magnetization; it is a 2×2 SU(2) matrixĝ whose entries include not only vector components of the magnetization n a (a = x, y, z), but also the dimerization field ǫ = (−1) n (S n S n+1 ):
The bosonized form of this order parameter is given by It can be rewritten in a factorized formĝ
where
As follows from the factorization of the low-energy effective action, if we consider correlation functions on chains with the same parity (for instance, both even) z correlate only with z's andz withz. For Green's functions on chains with different parity z correlate withz and not with z. Therefore the correlation functions of the staggered magnetizations and energy densities factorize:
Various components of the zs are conveniently assembled into vectors and co-vectors:
for the sector with right parity and
for the sector with left parity. Then the corresponding correlation functions become matrix elements of the 2×2 Green's function:
An important fact is that both the function D and k ⊥ -dependence of G are non-perturbative effects: they do not appear in any order of perturbation theory in γ and, as we shall see later, are proportional to exp(−2πv/γ).
IV. EXACTLY SOLVABLE CASES: TWO AND FOUR CHAINS.
From now on we will discuss sectors with different parity independently. To distinguish between the amplitude of the RVB order parameter from various mass gaps, we shall denote spectral gaps by letter m.
To check the ideas outoined in the previous Section, we shall consider some exactly solvable cases. Let us consider a two-dimensional array with even number (2N) of chains with periodic boundary conditions. In this case we can arrange chains in pairs. Exact solution is possible in two cases: N = 1 and N = 2.
Throughout this Section we shall use the so-called form-factor approach to calculate the correlation functions. This approach has been widely applied to massive integrable field theories and there are excellent review articles [36] and even books [37] about it. The form-factor approach uses information extracted from the scattering theory and symmetry properties of the operators to calculate matrix elements of these operators between various exact eigenstates. To calculate correlation functions one uses the Lehmann expansion. This approach is well defined for theories with massive excitations. In one dimension for reasons of kinematics matrix elements of multi-particles states become smaller and smaller when the number of excited particles increases. This feature greatly improves the convergence of the Lehmann expansion and allows one to obtain an accurate description of correlation functions with only a few (sometimes even one!) matrix elements.
A. N =1 (two chains)
Though the number of chains is really small, this case contains certain interesting features which may shed light on more general cases.
For N =1 each sector with a given parity is equivalent to the isospin sector of the SU(2) invariant Thirring model, as it was shown in [24] . The excitations are massive solitons with spin 1/2. There are no other modes (singlet ones), as it must be for the case of large N.
For this reason this case is not representative, as we have already said. The massive modes correspond to amplitude fluctuations of ∆.
The correlation functions of chiral bosonic exponents for the Thirring model can be extracted from the recent paper by Lukyanov and Zamolodchikov [38] (see also [35] ). In particular, for the correlation functions of spinon fields (32) and for the correlators of staggered magnetizations we have
where ρ = τ 2 + (x/v) 2 and the mass gap
and C is a number. In writing down these formulae we used the single mode approximation for the spinon operators (for the details we again refer the reader to [38] ):
where Z ± (Z + ± ) are annihilation (creation) operators of solitons and antisolitons and Z 0 is a numerical constant. Approximation (36) fails at small distances; inclusion of terms with multiple soliton production removes the logarithmic singularity of K 0 .
The two-point correlation function of currents were calculated in [39] . Eq.(33) supports the earlier claim made at the end of the previous section, that the interchain correlation function of the staggered magnetization is non-analytic in γ and thus vanishes in all orders of perturbation theory.
B. N =2 (four chains)
In the N =2 case the interaction can be written as
Since a sum of two k = 1 SU(2) currents is the k = 2 current, the entire Hamiltonian density (2) can be rewritten as (we write down only the (+)-parity part)
H massive = πv 2 (: I · I : + :Ī ·Ī :
where a = 1, 2, 3 and [40]
The fields χ,χ stand for real (Majorana) fermions. Eq.(38) describes a critical Ising model; the corresponding excitations are gapless and non-magnetic; they appear in the sectors with both parities. The criticality is an artefact of the periodic boundary conditions in the transverse direction.
The massive sector can be described using three equivalent representations. One of those is the SU 2 (2) WZNW model perturbed by a current-current interaction (the ultraviolet central charge C U V = 3/2). Here the fundamental field is the SU(2) matrixĝ. Another representation is the O(3) Gross-Neveu (GN) model where fundamental fields are Majorana fermions (39) . The third representation is three critical Ising models coupled by the energy density operators ǫ i :
In the latter case the fundamental fields are order parameter fields of the Ising models or, via the duality relationships, the corresponding disorder parameter fields. An external magnetic field couples to the sum of all currents and therefore only to the fermions of the O(3) GN model:
Since this model has a spectral gap, the net magnetization does not appear until the magnitude of the field reaches the value of the gap. The Thermodynamic Bethe Anzats equations for O(3) GN model were obtained by one of the authors [42] ; some of the correlation functions were calculated by Smirnov [45] . A very illuminating discussion of the symmetries and the excitation spectrum of this model can be found in the recent paper by Fendley and Saleur [46] .
The massive magnetic excitations are particles with a non-Abelian statistics, as in the Pfaffian state of Quantum Hall effect [41] . A very illuminating discussion of the symmetries and the excitation spectrum of this model can be found in [46] . An unusual fact about the O(3) GN model is that its ground state is doubly degenerate. A simple undestanding of this degeneracy can be achieved if one takes into account that O(3) GN model is equivalent to that Supersymmetric sine-Gordon model (SUSY SG) [42] 
with β 2 = 4π. For this model there is a semiclassical limit β 2 << 1, where things are easier to understand. In this limit the spectrum is determined by the minima of the bosonic part of the potential. It has two sets of minima: ones where cos(βΦ) = 1 and ones where it is -1.
This sign difference does not affect the energy spectrum of the Majorana fermion, but affects the expectation values of the Ising model order and disorder parameters. Therefore the vacua with different sign of cos(βΦ) are physically distinguishable. The described situation should be opposed to what happens in the conventional sine-Gordon model, where the potential is just cos(βΦ). The degeneracy between its minima is lifted in the ground state. There are two descriptions of the spectrum. The first one was suggested by Zamolodchikov [43] . This description abandons the notion of asymptotic particle states and therefore is difficult to apply to the correlation functions. The second approach was suggested in [44] and used in [45] to calculate the correlation functions. In this approach solitons are treated as particles carrying two quantum numbers -an SU(2) spin σ =↑, ↓ and an isotopic number p = ±. The isotopic part of the multisoliton Hilbert space is truncated, that is not all combinatorically possible 2 N states are allowed. The number of allowed states is 2 [N/2] ; in fact, the isotopic space of N solitons is isomorphic to the irreducible representation of N-dimensional Clifford algebra (in other words, one may say that each soliton carries a γ matrix -a zero mode of the Majorana fermion). In particular, the two-soliton wave function must be an isotopic singlet.
This approach allows one to use the conventional scattering matrix description at the end projecting out unwanted states. The two-particle S-matrix is given by the tensor product
where the first S-matrix corresponds to the SU(2) invariant (isotropic) Thirring model and second one is the S-matrix of solitons of the sine-Gordon model with a particular anisotropy ξ = 4π 4 . The order parameters are local operators both in the Ising and the WZNW representations:
where σ i , µ i are order and disorder parameters of the corresponding Ising models. The spontaneous mass generation freezes σ i , (i = 1, 2, 3), but leaves σ 0 , µ 0 critical. Therefore the most singular parts of the above order parameters are
still have power law correlations at T = 0. The correlation length at T = 0 is ξ ∼ 1/T and is not determined by the solitons -a possibility we have mentioned in Section IIIB. The chiral exponents entering in the expressions for the stagerred magnetization are non-local:
where σ a are chiral conformal blocks of the critical Ising model. The operators g in the ultraviolet limit become conformal blocks of the S=1/2 tensor operators of k = 2 WZNW model. In order to understand the subsequent calculations of the correlation functions the reader have to keep in mind two principal facts about excitations in integrable models. The fact number one is that these excitations cannot be unambiguously classified as fermions, bosons, semions etc.. Their commutation relations are determined by their S-matrix and therefore depend on the momenta of the particles (see, for example [49] ). The fact number two is that the creation and annihilation operators of elementary excitations in integrable theories are usually strongly non-local in terms of the bare creation and annihilation operators. Hence these excitations are extended objects and therefore do not belong to any particular representation of the Lorentz group. Therefore their Lorentz spin is not fixed and the same operator can represent physical fields with different Lorentz spin depending on circumstances.
Correlation functions of the currents According to Eq.(40) there are two parts in a given current operator,J − and I. The first one containing a product of the gap-less fermion χ 0 and the O(3) GN model fermion is not conserved. A GN fermion is a convolution of two solitons, each of them entering with Lorentz spin 1/4 to make the total spin 1/2. Superficially it may appear that the second term (the conserved current) is a convolution of four solitons, but this is incorrect: the minimal matrix element contains two solitons which enter here with Lorentz spin 1/2. Since χ 0 remains massless, the leading asymptotics of the correlation function of non-conserved currents J − J − with the threshold at s = 2m (s 2 = ω 2 − (vq) 2 ) exists only for the currents with the same chirality (here we put v = 1):
where F 1 can be calculated. The Fourier transform
where θ H (x) is the Heaviside function. Now let us consider the pair correlation function of the conserved O(3) currents I = J 1 + J 3 ,Ī =J 2 +J 4 . Their matrix elements were calculated in [45] . In the scheme adopted in that paper a soliton carries two quantum numbers -an SU(2) spin σ =↑, ↓ and an isotopic number p = ±. The isotopic part of the multisoliton Hilbert space is truncated such that the two soliton wave function must be an isotopic singlet. Due to the SU(2) symmetry, it is sufficient to have an expression for one component of the current, for example I 3 . The matrix element into a state of two solitons with rapidities θ 1 , θ 2 and quantum numbers (σ, p) 1 , (σ, p) 2 is given by
and
Thus the leading asymptotics of I a I b and I aĪ b are
For the Fourier transform we have
such that at the threshold we have the same behavior as for N = 1:
Single-electron Green's function for the model of stripes All correlation functions discussed so far exist for both models depicted on Fig. 1 . Now we are going to discuss the single-electron function which exists only for the model of stripes (Fig. 1b) . For N = 1, 2 we can calculate the spinon Green's function G and find the following expression for the spectral function:
and for the tunneling density of states:
Correlation functions of the staggered magnetizations As we have stated above, the correlation functions of staggered magnetizations factorize into a product of two kinds of correlation functions: G and D (see Eqs. (29, 32) ). The function D is essentially non-perturbative and therefore especially interesting. We have demonstrated that for N = 1 this function is non-zero. For N = 2 with the periodic boundary conditions this function vanishes. This is related to the fact that for the periodic boundary conditions the singlet sector is critical. The operator exp[i √ 2πϕ] contains chiral conformal blocks σ 0 ; at criticality correlation functions of such conformal blocks with blocks of different chirality always vanish: σ 0σ0 = 0.
Correlation functions on the chains with the same parity do not vanish. Here solitons enter with Lorentz spin 3/16. The asymptotics of the correlation function is given by
where ρ 2 = τ 2 + x 2 . The Fourier transform is (s 2 = ω 2 n + q 2 ) 4π dρρ 3/4 J 0 (sρ) dθK 3/4 (2mρ cosh θ) ∼ dθ(cosh θ) −7/4 F (5/4, 1/2, 1; −s 2 /4m 2 cosh 2 θ) (61)
After the analytic continuation iω = ω +i0 we get the imaginary part (now s 2 = ω 2 −(vq) 2 > 4m 2 )
Close to the threshold s = 2m we have
At s 2 >> m 2 Eq.(62) gives the correct asymptotics χ ′′ ∼ s −1 which indicates that the two-soliton approximation may give a reasonable description throughout the entire range of energies. Recall that for N = 1 the power was −1/2. It is tempting to speculate that the threshold singularity further diminishes with an increase of N.
The case of four chains introduces some new features. Some of them, as we believe, are accidental and some are generic. The generic feature which persists for higher number of chains (see above) is the presence of singlet degrees of freedom. Here they appear in the form of the critical Ising model. The accidental features are the criticality of the latter model and the non-Abelian statistics of the massive kinks. These two properties are closely related and are unstable with respect to a change in boundary conditions. In the most general setting, as we shall see in the next Section, the gap in the Ising model sector will be finite, but much smaller than the magnetic gap.
V. TOWARDS INFINITE NUMBER OF CHAINS: A TRIADIC CLUSTER EXPANSION.
As the reader probably understands, the problem in question is difficult, naive attempts to develop a self-consistent expansion schemes fail (see Section IIIA) and we have to resort to some other methods. The exact results for two and four chains discussed in the previous Section give a glimpse of the complexity of the problem. Unfortunately, for higher number of chains there are no exact solutions. However, a non-perturbative analysis can be imagined, though for a somewhat modified model. In this modification the interactions are set up in such a way that the chains are assembled into clusters of three (triads), nine (enneads), 27 chains etc. The interaction inside of a cluster of a given size is supposed to be stronger than interactions between the clusters of larger sizes. We believe that the study of such modified model sheds light on classification of the excitations and establishes the structure of the effective action for the collective modes below the soliton mass gap.
A. The fundamental triad (three chains)
The solution for two chains with one chirality (let it be the left one) coupled by the current-current interaction to a chain with opposite chirality was described in [50] and [51] .
The Hamiltonian density is
whereĪ a and J a are right SU 2 (2) and left SU 1 (2) currents, respectively. The expression in the square brackets describes a sum of two chiral SU 1 (2) WZNW models. Such representation was already discussed in Section IV.B. The right-moving Majorana fermion does not participate in the interaction. In the ultraviolet the model is a sum of three chiral conformal field theories: the k = 2 SU(2) WZNW model with the right central charge C R = 3/2, the right-moving free Majorana field with C R = 1/2 and the SU 1 (2) WZNW model with the left central charge C L = 1. The current-current interaction generates a massless Renormalization Group (RG) flow to the infrared critical point. The theory in the infrared is represented by two free Majorana fermions with opposite chiralityχ 0 and χ 0 and the right-moving sector of the SU 1 (2) WZNW model:
Under the RG flow the fields transmute in the following way:
where the dots stand for less relevant operators.
Ising model
FIG. 2. The renormalization scheme for three chains. In the infrared limit the system is equivalent to a single chiral C=1 chain and a critical (non-chiral) Ising model. The circles with different thickness denote currents with different chirality.
B. The first ennead (nine).
Let us consider the case of nine chains with open boundary conditions, arranging them into three triads in such a way that the bare coupling constant inside each triad γ 0 is greater than the bare coupling γ 1 between the triads (see Fig. 3 ). Then we can have a situation when the IR fixed point for a given triad is already achieved (the corresponding energy scale is ∆ ∼ J γ exp[−2π/γ]), well before the renormalized coupling for the triad-triad interaction becomes of the order of 1.
According to Eq.(66), the renormalized coupling between any neighbouring triads (let us denote them 1 and 2; recall also that they always have different chirality!) in the infrared is
The first term reproduces original interaction (3) . Its presence in the Hamiltonian also converts the second term into a marginal operator:
Thus by integrating out the high energy degrees of freedom in the ennead of chains one generates at energies smaller than ∆ (the new UV cut-off) the effective action which contains the original action for a triad of chains with a renormalized coupling constant γ 1 plus the action for three critical Ising models coupled by the products of energy density operators:
The Ising subsystem decouples from the magnetic one. The resulting model is similar to the O(3) GN model discussed above (see the discussion around Eq. (44)). The only difference is that the symmetry is broken down to U(1). The interaction can be written in terms of the currentsγ
which makes the model somewhat similar to the anisotropic Thirring model ( I a are SU 2 (2) currents made of χ r 's and the coupling constants γ ⊥ ∼γ 1 and γ = 0 on the bare level). We believe (the details will be given in a separate publication), that this particular type of anisotropy vanishes in the strong coupling regime in the same way as it does in the C-sector of anisotropic Thirring model [47] , [48] . In other words in the strong coupling regime the model (69) is equivalent to the O(3) GN model. Thus on each step of the triadic real space RG we generate the O(3) GN models. Their number is equal to the number of clusters on the given level. For example, if the initial number of chains is 3 N and the first GN model appears for a cluster of 9 chains, the number of copies of GN models on the first level is 3 N −2 . Then the next levels contain 3 N −3 , 3 N −4 etc. copies. Now we can discuss the thermodynamics. In our cluster expansion we have the following energy scales. First, there is a sequence of crossover scales ∆ 0 > ∆ 1 , ... > ∆ N −1 (magnetic gaps) corresponding to crossovers inside of each cluster. Then there are energy gaps of the interacting Ising models M 2 , M 3 , ... which are formed by clusters of 9, 27, 81, etc. chains. The first scale in this sequence is of the order of
Sinceγ 1 ∼ γ 2 1 we deem these energy gaps to be much smaller than the magnetic gaps. We conjecture that this difference survives even in the limit when all interactions become equal.
All these crossovers affect the temperature behavior of the specific heat. The first crossover occurs at temperature T ∼ ∆ 0 which is the crossover temperature of a fundamental triad. Above this temperature we have a bunch of non-interacting chiral Heisenberg chains each having the heat capacity linear in T :
where S = 3 N L is the total area occupied by the system. At ∆ 0 > T > ∆ 1 we effectively have 3 N −1 critical Ising chains with central charge C = 1/2 and the same amount of noninteracting chiral Heisenberg chains. As a result the slope of the specific heat drops by the factor of 2. When the entire sequence of magnetic crossovers is passed, that is at ∆ N −1 > T > M 2 the specific heat is given only by the Ising models:
that is remains the same as after the first crossover. Thus we can say that in the thermodynamic limit the singlets ocuppy a half of the original Hilbert space. When the temperature falls below the first singlet gap M 2 , one may say to the first approximation that the Ising modes with the largests gap cease to contribute. After a certain crossover the linear slope in the specific heat drops by the factor of 9. The specific heat remains linear in T until M 3 is reached where the slope falls by another factor of 3 etc. In our scheme where the distribution of coupling constants between the clusters of different size is rather arbitrary, it makes little sense to do more detailed calculations. The only thing we can say is that C ∼ T above certain temperature and than experiences a fast decrease. In our cluster expansion there are two areas with linear specific heat characterised by the slopes differing by the factor of 2. This due to the fact that within this approach the gap for magnetic excitations ∆ is different from the gaps for singlet excitations. Whether this feature will survive in the limit of uniformly coupled chains is open for debate.
VI. SOME LEFTOVERS
It would make a lot of sense to study the models described in this paper numerically. Since numerical calculations will probably be performed for systems with restricted number of chains, we decided to describe certain tractable cases in more detail.
A. An approximate solution for N = 3 (six chains).
In this case the magnetic subsystem is equivalent to N = 1 (that is to the SU(2) Thirring model) and the Ising subsystem contains two Ising models with the ǫ 1 ǫ 2 interaction. The latter is equivalent to the spinless Thirring model with a truly marginal interaction. Thus the Ising sector is critical and is described by the C =1 Gaussian model.
B. An approximate solution for N = 6 (twelve chains).
Applying the procedure outlined above to the system of twelve chains with periodic boundary conditions (see Fig. 3 ), we obtain the N = 2 model in the magnetic sector plus model (69) with four chains. Now we shall try to use the wisdom accumulated in the exact solution of N = 2 case to obtain results for the case of infinite number of chains. Though our ultimate goal is to calculate the correlation function of staggered magnetizations, the path to it lies through the single-electron Green's function, which exists only for the model of stripes (Fig. 1b) . The reason for this will become clear in the process of calculation.
Let conduction electrons belong to even chains. Then the electron creation operator is
where v c is the Fermi velocity. Though, in general, v c may be quite different from the spin velocity, we shall not consider this possibility. With v c = v s the model is (1+1)-dimensional Lorentz invariant. The charge fields ϕ c ,φ c are free Gaussian fields and hence there are no correlations between the fields belonging to different chains.
where function G was defined in Eq.(28) and can be called the spinon Green's function.
Since the electron Green's function must be a single-valued function of x at τ → 0 and a single-valued function of τ at x = 0, we conclude that the spinon function G must be a double-valued function to compensate for the double-valuedness of (τ v c ± ix) −1/2 . This suggests that the spinons are semions, as it was suggested by Laughlin [52] . Now we shall use these facts to determine the asymptotics of the single-fermion Green's function in a similar way as it was done for the (1+1)-dimensional Thirring model [35] , [38] . Namely, we shall combine these arguments with the Lehmann expansion for the Green's function. In this expansion we shall take into account only terms with an emission of a single massive soliton. The spectrum of this soliton is
where M(k ⊥ ) ∼ exp[−2πv/γ] is as yet unknown function (the soliton gap). We believe that this gap always remains finite for any momentum. A convenient parametrization of the energy and the momentum component along the chain direction is
In these notations a Lorentz rotation on an 'angle' γ corresponds to the shift of rapidity θ → θ + γ. Since an operator with Lorentz spin S transforms under such Lorentz transformation as
We generalize for N = ∞ the formulae obtained for N = 1 and N = 2 case treating the vanishing of D-function is the N = 2 as an artefact of periodic boundary conditions.
where Z, f are yet unknown functions. The f -function may vanish at some point in momentum space, as suggested by the example of four chains. Notice that both k ⊥ -dependence of G and the very existence of D are effects exponential in 1/γ. These equations dictate the following asymptotic form for the correlation function of the staggered magnetizations: 79) where ρ 2 = τ 2 + (x/v) 2 and χ 1 . is a correlation function between the chains with the same and χ 2 with different parities.
VIII. CONCLUSIONS AND SPECULATIONS
Let us make a summary of our results.
• We have found models of magnets with a short range Heisenberg exchange which have neither magnetic nor spin-Peierls order.
• We have also established that the low-energy Hamiltonian separates into two weakly interacting parts describing sectors with different parity.
• We have shown that there are excitations with spin 1/2.
• We established that the correlation functions of staggered magnetizations can be written as real space products of correlation functions of non-local operators belonging to the sectors with different parity (see Eqs. (28, 29) ).
• We established the existence of T = 0 critical point.
• We have solved the problem exactly for the case of two and four coupled chains (the latter one with periodic boundary conditions). The results are consistent with the statements made for the case of infinite number of chains. The spectrum contains a massive amount of singlet excitations. In the language of gauge theory these excitations describe dynamics of Wilson loops.
• There is a ground state degeneracy; a 2-fold degeneracies (in each chiral sector) are associated with clusters of 9, 27, 81, etc. chains. It makes the total degeneracy of the ground state proportional to the circumference of the system in the transverse direction.
A natural question is whether the models considered in our work are toy ones or may be brought closer to the reality of copper oxides. We believe that the model of stripes is more than a toy. This model can be used to describe a realistic case when the number of insulating chains in a stripe is odd.
We believe that the model of stripes can be generalized for a case when the number of insulating chains in a stripe is odd. This is due to the fact that at low energies a spin S =1/2 Heisenberg ladder with an odd number of chains 2N + 1 is equivalent to the SU 1 (2) WZNW model. Since this equivalence takes place at energies smaller than J /N, the scenario described in this paper is valid if the exchange integral between the spin densities of the conducting and insulating chains is smaller than J /N.
Thus stripes or other strong inhomogenuities appearing with doping of the Mott insulating state may stabilize RVB state providing a necessary frustration. There is an ample experimental evidence for such inhomogenuities in the underdoped regime of cuprates.
We have already mentioned in Introduction, that there are other models of fractionalization, such as suggested in [7] , [8] together with the corresponding dimer models mentioned earlier. Though these works use Hamiltonians not based on any microscopic electron models, one might hope that they capture some features of the solution. In particular, it would be interesting to study in detail how singlet excitations, which in our model are associated with the O(3) GN models emerging on each chain triad, are related to Z 2 vortices (visons) introduced in [7] , [54] (see also the recent work [55] , which essentially clarifies the concept of vison). We leave this question, as many others, to the future research.
